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Abstract. Let A be a sequence of positive integers and P (A) be the set of
all integers which are the finite sum of distinct terms of A. For given positive
integers u ∈ {4, 7, 8} ∪ {u : u ≥ 11} and v ≥ 3u + 5 we know that u + v + 1 is
the critical value of b3 such that there exists a sequence A of positive integers for
which P (A) = N\{u < v < b3 < · · · }. In this paper, we obtain the critical value
of bk.
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1
1 Introduction
Let N be the set of all nonnegative integers. For any sequence of positive
integers A = {a1 < a2 < · · · }, let P (A) be the subset sum set of A, that is,
P (A) =
{∑
i
εiai :
∑
i
εi <∞, εi ∈ {0, 1}
}
.
Here we note that 0 ∈ P (A).
In 1970, Burr [1] posed the following problem: which sets S of integers are
equal to P (A) for some A? For the existence of such set S he mentioned that if
the complement of S grows sufficiently rapidly such as b1 > x0 and bn+1 ≥ b
2
n,
then there exists a set A such that P (A) = N \ {b1, b2, · · · }. But this result is
unpublished. In 1996, Hegyva´ri [6] proved the following result.
Theorem 1.1. [6, Theorem 1] If B = {b1 < b2 < · · · } is a sequence of integers
with b1 ≥ x0 and bn+1 ≥ 5bn for all n ≥ 1, then there exists a sequence A of
positive integers for which P (A) = N \B.
In 2012, Chen and Fang [2] obtained the following results.
Theorem 1.2. [2, Theorem 1] Let B = {b1 < b2 < · · · } be a sequence of integers
with b1 ∈ {4, 7, 8} ∪ {b : b ≥ 11} and bn+1 ≥ 3bn + 5 for all n ≥ 1. Then there
exists a sequence A of positive integers for which P (A) = N \B.
Theorem 1.3. [2, Theorem 2] Let B = {b1 < b2 < · · · } be a sequence of
positive integers with b1 ∈ {3, 5, 6, 9, 10} or b2 = 3b1 + 4 or b1 = 1 and b2 = 9 or
b1 = 2 and b2 = 15. Then there is no sequence A of positive integers for which
P (A) = N \B.
Later, Chen and Wu [3] further improved this result. By observing Chen and
Fang’s results we know that the critical value of b2 is 3b1 + 5. In this paper, we
study the problem of critical values of bk. We call this problem critical values of
Burr’s problem.
In 2019, Fang and Fang [4] considered the critical value of b3 and proved the
following result.
Theorem 1.4. [4, Theorem 1.1] If A and B = {1 < b1 < b2 < · · · } are two
infinite sequences of positive integers with b2 = 3b1 + 5 such that P (A) = N \B,
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then b3 ≥ 4b1 + 6. Furthermore, there exist two infinite sequences of positive
integers A and B = {1 < b1 < b2 < · · · } with b2 = 3b1 + 5 and b3 = 4b1 + 6 such
that P (A) = N \B.
Recently, Fang and Fang [5] introduced the following definition. For given
positive integers b and k ≥ 3, define ck(b) successively as follows:
(i) let ck = ck(b) be the least integer r for which, there exist two infinite sets
of positive integers A and B = {b1 < b2 < · · · < bk−1 < bk < · · · } with b1 = b,
b2 = 3b + 5 and bi = ci(3 ≤ i < k) and bk = r such that P (A) = N \ B and
a ≤
∑
a′<a
a′∈A
a′ + 1 for all a ∈ A with a > b+ 1;
(ii) if such A,B do not exist, define ck = +∞.
In [5], Fang and Fang proved the following result.
Theorem 1.5. [5, Theorem 1.1] For given positive integer b ∈ {1, 2, 4, 7, 8}∪{b′ :
b′ ≥ 11, b′ ∈ N}, we have
c2k−1 = (3b+ 6)(k − 1) + b, c2k = (3b+ 6)(k − 1) + 3b+ 5, k = 1, 2, . . . .
Naturally, we consider the problem that for any integer b1 and b2 ≥ 3b1+5 if
we can determine the critical value of b3, instead of b2 = 3b1 + 5. This problem
is posed by Fang and Fang in [4]. Recently, authors [7] answered this problem.
Theorem 1.6. [7] If A and B = {b1 < b2 < · · · } are two infinite sequences of
positive integers with b2 ≥ 3b1+5 such that P (A) = N \B, then b3 ≥ b2+ b1+1.
Theorem 1.7. [7] For any positive integers b1 ∈ {4, 7, 8} ∪ [11,+∞) and b2 ≥
3b1 + 5, there exists two infinite sequences of positive integers A and B = {b1 <
b2 < · · · } with b3 = b2 + b1 + 1 such that P (A) = N \B.
In this paper, we go on to consider the critical value of bk for any integers b1
and b2 ≥ 3b1+5. Motivated by the definition of Fang and Fang, we also introduce
the following definition. For given positive integers u, v ≥ 3u+ 5 and k ≥ 3, let
e1 = u, e2 = v and ek = ek(u, v) be the least integer r for which there exist two
infinite sets of positive integer A and B = {b1 < b2 < · · · < bk−1 < bk < · · · }
with bi = ei(1 ≤ i < k) and ek = r such that P (A) = N \B and a ≤
∑
a′<a
a′∈A
a′+1
for all a ∈ A with a > u+ 1. If such sets A,B do not exist, define ek = +∞.
In this paper, we obtain the following results.
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Theorem 1.8. For given positive integers u ∈ {4, 7, 8}∪{u : u ≥ 11}, v ≥ 3u+5,
we have
e2k+1 = (v + 1)k + u, e2k+2 = (v + 1)k + v, k = 0, 1, . . . . (1.1)
Corollary 1.9. For given positive integers u ∈ {4, 7, 8}∪{u : u ≥ 11}, v ≥ 3u+5
and k ≥ 3, we have
ek = ek−1 + ek−2 − ek−3,
where e0 = −1, e1 = u, e2 = v.
If u ∈ {3, 5, 6, 9, 10} or u = 1, v = 9 ≥ 3u + 5 or u = 2, v = 15 ≥ 3u + 5, by
Theorem 1.3 we know that such sequence A does not exist. So we only consider
the case for u ∈ {4, 7, 8} ∪ {u : u ≥ 11}. In fact, we find Corollary 1.9 first, but
in the proof of Theorem 1.8 we follow Fang and Fang’s method. Some of skills
are similar to [7]. For the convenience of readers, we provide all the details of
the proof.
2 Proof of Theorem 1.8
For given positive integers u ∈ {4, 7, 8} ∪ {u : u ≥ 11} and v ≥ 3u + 5, we
define
d2k+1 = (v + 1)k + u, d2k+2 = (v + 1)k + v, k = 0, 1, . . . .
Lemma 2.1. Given positive integers u ∈ {4, 7, 8} ∪ {u : u ≥ 11}, v ≥ 3u + 5
and k ≥ 3. Then there exists an infinite set A of positive integers such that
P (A) = N \ {d1, d2, . . . } and a ≤
∑
a′<a
a′∈A
a′ + 1 for all a ∈ A with a > u+ 1.
Proof. Let s and r be nonnegative integers with
v + 1 = (u+ 1) + (u+ 2) + · · ·+ (u+ s) + r, 0 ≤ r ≤ u+ s.
Since v ≥ 3u + 5, it follows that s ≥ 3. Note that u ≥ 4. Then there exist
integers r2, . . . , rs such that
r = r2 + · · ·+ rs + ε(r), 0 ≤ r2 ≤ · · · ≤ rs ≤ u− 1, (2.1)
where ε(r) = 0 if r = 0, otherwise ε(r) = 1. If there is an index 3 ≤ j ≤ s such
that rj − rj−1 = u− 1, we replace rj and rj−1 by rj − 1 and rj−1+ 1. Then (2.1)
still holds and rj − rj−1 ≤ u− 2 for any index 3 ≤ j ≤ s.
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We cite a result in [2] that there exists a set of positive integers A1 with
A1 ⊆ [0, u− 1] such that
P (A1) = [0, u− 1].
Let
a1 = u+ 1, as = u+ s+ rs + ε(r), at = u+ t+ rt, 2 ≤ t ≤ s− 1.
Then
at−1 < at ≤ at−1 + u, 2 ≤ t ≤ s
and so
P (A1 ∪ {a1, . . . , as}) = [0, a2 + · · ·+ as + 2u] \ {u, a2 + · · ·+ as + u}.
Since
a2 + · · ·+ as + u = (u+ 2 + r2) + · · ·+ (u+ s+ rs + ε(r)) + u = v,
it follows that
P (A1 ∪ {a1, . . . , as}) = [0, u+ v] \ {u, v}. (2.2)
Let as+n = (v + 1)n for n = 1, 2, . . . . We will take induction on k ≥ 1 to prove
that
P (A1 ∪ {a1, . . . , as+k}) = [0,
k∑
i=1
as+i + u+ v] \ {d1, d2, . . . , d2m−1, d2m}, (2.3)
where m = k(k + 1)/2 + 1.
By (2.2), it is clear that
P (A1 ∪ {a1, . . . , as+1}) = [0, as+1 + u+ v] \ {d1, d2, d3, d4},
which implies that (2.3) holds for k = 1.
Assume that (2.3) holds for some k − 1 ≥ 1, that is,
P (A1∪ {a1, . . . , as+k−1}) = [0,
k−1∑
i=1
as+i+u+ v] \ {d1, d2, . . . , d2m′−1, d2m′}, (2.4)
where m′ = k(k − 1)/2 + 1. Then
as+k + P (A1 ∪ {a1, . . . , as+k}) = [(v + 1)k,
k∑
i=1
as+i + u+ v] \D,
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where
D =
{
d2k+1, d2k+2, . . . , dk(k+1)+1, dk(k+1)+2
}
.
Since d2k+1 ≤ dk(k−1)+3 = d2m′+1, it follows that
P (A1 ∪ {a1, . . . , as+k}) = [0,
k∑
i=1
as+i + u+ v] \ {d1, d2, . . . , d2m−1, d2m},
where m = k(k + 1)/2 + 1, which implies that (2.3) holds. Let A = A1 ∪
{a1, a2, . . . }. We know that such A satisfies Lemma 2.1. This completes the
proof of Lemma 2.1.
Lemma 2.2. [2, Lemma 1]. Let A = {a1 < a2 < · · · } and B = {b1 < b2 < · · · }
be two sequences of positive integers with b1 > 1 such that P (A) = N\B. Let
ak < b1 < ak+1. Then
P ({a1, · · · , ai}) = [0, ci], i = 1, 2, · · · , k,
where c1 = 1, c2 = 3, ci+1 = ci + ai + 1 (1 ≤ i ≤ k − 1), ck = b1 − 1 and
ci + 1 ≥ ai + 1 (1 ≤ i ≤ k − 1).
Lemma 2.3. Given positive integers u ∈ {4, 7, 8}∪{u : u ≥ 11}, v ≥ 3u+5 and
k ≥ 3. If A is an infinite set of positive integers such that
P (A) = N \ {d1 < d2 < · · · < dk−1 < bk < · · · }
and a ≤
∑
a′<a
a′∈A
a′ + 1 for all a ∈ A with a > u + 1, then there exists a subset
A1 ⊆ A such that
P (A1) = [0, d1 + d2] \ {d1, d2}
and min{A \ A1} > u+ 1.
Proof. Let A = {a1 < a2 < · · · } be an infinite set of positive integers such that
P (A) = N \ {d1 < d2 < · · · < dk−1 < bk < · · · }
and a ≤
∑
a′<a
a′∈A
a′ + 1 for all a ∈ A with a > u + 1. It follows from Lemma 2.2
that
P ({a1, · · · , ak}) = [0, u− 1],
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where k is the index such that ak < u < ak+1. Since v ≥ 3u+5 > u+1, it follows
that u+ 1 ∈ P (A). Hence, ak+1 = u+ 1. Then
P ({a1, · · · , ak+1}) = [0, 2u] \ {u}.
Noting that ak+t > ak+1 = u+ 1 for any t ≥ 2, we have
ak+t ≤ a1 + · · ·+ ak+t−1 + 1 = ak+2 + · · ·+ ak+t−1 + 2u.
Then
P ({a1, · · · , ak+2}) = [0, ak+2 + 2u] \ {u, ak+2 + u}.
If ak+2 + · · · + ak+t−1 + u ≥ ak+t and ak+2 + · · ·+ ak+t−1 6= ak+t for all integers
t ≥ 3, then
P ({a1, · · · , ak+t}) = [0, ak+2 + · · ·+ ak+t + 2u] \ {u, ak+2 + · · ·+ ak+t + u}.
Then d2 ≥ ak+2 + · · ·+ ak+t + u for any integer t ≥ 3, which is impossible since
d2 is a given integer. So there are some integers 3 ≤ t1 < t2 < · · · such that
ak+2 + · · ·+ ak+ti−1 + u < ak+ti or ak+2 + · · ·+ ak+ti−1 = ak+ti , and
P ({a1, · · · , ak+t1−1}) = [0, ak+2+ · · ·+ak+t1−1+2u]\{u, ak+2+ · · ·+ak+t1−1+u}.
If ak+2 + · · ·+ ak+t1−1 + u < ak+t1 , then d2 = ak+2 + · · ·+ ak+t1−1 + u and
P ({a1, · · · , ak+t1−1}) = [0, d1 + d2] \ {d1, d2}, ak+t1 > u+ 1.
So the proof is finished.
If ak+2 + · · ·+ ak+t1−1 = ak+t1, then
P ({a1, · · · , ak+t1}) = [0, ak+2+· · ·+ak+t1+2u]\{u, ak+t1+u, ak+2+· · ·+ak+t1+u}.
If ak+t1+1 > ak+t1 + u, then
d2 = ak+t1 + u = ak+2 + · · ·+ ak+t1−1 + u
and
ak+2 + · · ·+ ak+t1−1 + 2u = d1 + d2.
Therefore,
P ({a1, · · · , ak+t1−1}) = [0, d1 + d2] \ {d1, d2}, ak+t1 > u+ 1.
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So the proof is finished. If ak+t1+1 ≤ ak+t1 + u, then
P ({a1, · · · , ak+t1+1}) = [0, ak+2+ · · ·+ak+t1+1+2u]\{u, ak+2+ · · ·+ak+t1+1+u}.
By the definition of t2 and ak+t1+1 ≤ ak+t1 + u we know that t2 6= t1 + 1. Noting
that ak+2+ · · ·+ ak+t−1+u ≥ ak+t and ak+2+ · · ·+ ak+t−1 6= ak+t for any integer
t1 < t < t2, we have
P ({a1, · · · , ak+t2−1}) = [0, ak+2+ · · ·+ak+t2−1+2u]\{u, ak+2+ · · ·+ak+t2−1+u}.
Similar to the way to deal with t1, we know that there is always a subset A1 ⊆ A
such that P (A1) = [0, d1 + d2] \ {d1, d2} and min{A \A1} > u+ 1 or there exists
an infinity sequence of positive integers li ≥ 3 such that
P ({a1, · · · , ak+li}) = [0, ak+2 + · · ·+ ak+li + 2u] \ {u, ak+2 + · · ·+ ak+li + u}.
Since d2 is a given integer, it follows that the second case is impossible. This
completes the proof of Lemma 2.3.
Lemma 2.4. Given positive integers u ∈ {4, 7, 8}∪{u : u ≥ 11}, v ≥ 3u+5 and
k ≥ 3. Let A be an infinite set of positive integers such that
P (A) = N \ {d1 < d2 < · · · < dk < bk+1 < · · · }
and a ≤
∑
a′<a
a′∈A
a′ + 1 for all a ∈ A with a > u + 1 and let A1 be a subset of A
such that
P (A1) = [0, u+ v] \ {d1, d2}
and min{A \ A1} > u+ 1. Write A \ A1 = {a1 < a2 < · · · }. Then v + 1 | ai for
i = 1, 2, . . . , m, and
P (A1 ∪ {a1, . . . , am}) = [0,
m∑
i=1
ai + u+ v] \ {d1, d2, . . . , dn},
where m is the index such that
m−1∑
i=1
ai + v < dk ≤
m∑
i=1
ai + v
and
dn =
m∑
i=1
ai + v.
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Proof. We will take induction on k ≥ 3. For k = 3, by a1 > u+ 1 we know that
v < d3 = u+ v + 1 ≤ a1 + v,
that is, m = 1. It is enough to prove that v + 1 | a1 and
P (A1 ∪ {a1}) = [0, a1 + u+ v] \ {d1, d2, . . . , dn},
where dn = a1 + v. Since d3 /∈ P (A) and [0, v − 1] \ {u} ⊆ P (A1) and
a1 ≤
∑
a′<a1
a′∈A
a′ + 1 =
∑
a′∈A1
a′ + 1 = u+ v + 1 = d3 < a1 + v,
it follows that d3 = a1 + u, that is, a1 = v + 1. Since
P (A1) = [0, u+ v] \ {d1, d2},
it follows that
a1 + P (A1) = [a1, a1 + u+ v] \ {a1 + d1, a1 + d2}.
Then
P (A1 ∪ {a1}) = [0, a1 + u+ v] \ {d1, d2, d3, d4},
where d4 = a1 + v.
Suppose that v + 1 | ai for i = 1, 2, . . . , m and
P (A1 ∪ {a1, . . . , am}) = [0,
m∑
i=1
ai + u+ v] \ {d1, d2, . . . , dn}, (2.5)
where m is the index such that
m−1∑
i=1
ai + v < dk−1 ≤
m∑
i=1
ai + v
and
dn =
m∑
i=1
ai + v.
If dk−1 <
∑m
i=1 ai + v, then dk ≤
∑m
i=1 ai + v. Then the proof is finished. If
dk−1 =
∑m
i=1 ai + v, then dk =
∑m
i=1 ai + v + u+ 1. It follows that
m∑
i=1
ai + v < dk ≤
m+1∑
i=1
ai + v.
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It is enough to prove that v + 1 | am+1 and
P (A1 ∪ {a1, . . . , am+1}) = [0,
m+1∑
i=1
ai + u+ v] \ {d1, d2, . . . , dn′},
where
dn′ =
m+1∑
i=1
ai + v.
Since am+1 6= dk and
am < am+1 ≤
∑
a<am+1
a∈A
a + 1 =
m∑
i=1
ai + u+ v + 1 = dk,
it follows that there exists a positive integer T such that
am+1 < (v + 1)T + u ≤ am+1 + v + 1
and
(v + 1)T + u ≤ dk.
Note that di = (v+1)T +u /∈ P (A) for some i ≤ k and [1, v+1]\{u, v} ∈ P (A1).
Hence, (v+1)T+u = am+1+u or (v+1)T+u = am+1+v. If (v+1)T+u = am+1+u,
then am+1 = (v+1)T . If (v+1)T+u = am+1+v, then am+1 = (v+1)(T−1)+u+1.
Since v ≥ 3u+ 5, it follows that
am+1 + u < (v + 1)(T − 1) + v < am+1 + v.
Note that [u + 1, v − 1] ⊆ P (A1). Then (v + 1)(T − 1) + v ∈ P (A), which is
impossible. Hence, v + 1 | am+1. Moreover, am+1 = (v + 1)T . Since
am+1+P (A1∪{a1, . . . , am}) = [am+1,
m+1∑
i=1
ai+u+ v]\{am+1+d1, . . . , am+1+dn}
and
am+1 + d1 = (v + 1)T + u ≤ dk =
m∑
i=1
ai + v + u+ 1 = dn+1,
it follows from (2.5) that
P (A1 ∪ {a1, . . . , am+1}) = [0,
m+1∑
i=1
ai + u+ v] \ {d1, d2, . . . , dn′},
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where
dn′ = am+1 + dn =
m+1∑
i=1
ai + v.
This completes the proof of Lemma 2.4.
Lemma 2.5. Given positive integers u ∈ {4, 7, 8}∪{u : u ≥ 11}, v ≥ 3u+5 and
k ≥ 3. If A is an infinite set of positive integers such that
P (A) = N \ {d1 < d2 < · · · < dk < bk+1 < · · · }
and a ≤
∑
a′<a
a′∈A
a′ + 1 for all a ∈ A with a > u+ 1, then bk+1 ≥ dk+1.
Proof. By Lemma 2.3 we know that there exists A1 ⊆ A such that
P (A1) = [0, u+ v] \ {d1, d2}
and min{A \ A1} > u + 1. Write A \ A1 = {a1 < a2 < · · · }. By Lemma 2.4 we
know that v + 1 | ai for i = 1, 2, . . . , m and
P (A1 ∪ {a1, . . . , am}) = [0,
m∑
i=1
ai + u+ v] \ {d1, d2, . . . , dn},
where m is the index such that
m−1∑
i=1
ai + v < dk ≤
m∑
i=1
ai + v
and
dn =
m∑
i=1
ai + v.
If dk <
∑m
i=1 ai + v, then dk+1 ≤
∑m
i=1 ai + v = dn. Hence, k + 1 ≤ n. Thus,
bk+1 ≥ dk+1. If dk =
∑m
i=1 ai + v, then dk+1 =
∑m
i=1 ai + u+ v + 1 and
P (A1 ∪ {a1, . . . , am}) = [0,
m∑
i=1
ai + u+ v] \ {d1, . . . , dk} (2.6)
and
am+1+P (A1∪{a1, . . . , am}) = [am+1,
m+1∑
i=1
ai+u+v]\{am+1+d1, . . . , am+1+dk}.
(2.7)
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Note that
am < am+1 ≤
∑
a<am+1
a∈A
a + 1 =
m∑
i=1
ai + u+ v + 1 = dk+1.
By am+1 6= dk we divide into two cases according to the value of am+1.
Case 1: dk < am+1 ≤ dk+1. It follows from (2.6) and (2.7) that
bk+1 ≥ am+1 + d1 ≥ dk + d1 + 1 =
m∑
i=1
ai + v + u+ 1 = dk+1.
Case 2: am < am+1 < dk. Similar to the proof of Lemma 2.4, we know that
there exists a positive integer T such that
am+1 = (v + 1)T, am+1 + d1 = (v + 1)T + u ≤ dk.
It follows from (2.6) and (2.7) that
P (A1 ∪ {a1, . . . , am+1}) = [0,
m+1∑
i=1
ai + u+ v] \ {d1, . . . , dn′}, (2.8)
where
dn′ = am+1 + dk.
Then n′ ≥ k + 1. Thus bk+1 ≥ dk+1.
Proof of Theorem 1.8: It follows from Theorem 1.6 and Theorem 1.7 that
e3 = (v + 1) + u. For k ≥ 3, suppose that A is an infinite set of positive integers
such that
P (A) = N \ {e1 < e2 < · · · < ek < bk+1 < · · · }
and a ≤
∑
a′<a
a′∈A
a′+1 for all a ∈ A with a > u+1, where ei(1 ≤ i ≤ k) is defined
in (1.1). By Lemma 2.5 we have bk+1 ≥ dk+1. By Lemma 2.1 we know that dk+1
is the critical value, that is, ek+1 = dk+1. This completes the proof of Theorem
1.8.
Acknowledgments. This work was supported by the National Natural Science
Foundation of China, Grant No.11771211 and NUPTSF, Grant No.NY220092.
12
References
[1] S.A. Burr, in: Combinatorial Theory and its Applications, vol. 3, eds. P.
Erdo˝s, A. Re´nyi, V. T. So´s, Coll. Math. Soc. J. Bolyai, North-Holland Publ.
Comp. (Amsterdam–London, 1970) p. 1155.
[2] Y.-G. Chen, J.-H. Fang, On a problem in additive number theory, Acta
Math. Hungar., 134 (2012), 416–430.
[3] Y.-G. Chen, J.-D. Wu, The inverse problem on subset sums, European J.
Combin., 34 (2013), 841–845.
[4] J.-H. Fang, Z.-K. Fang, On an inverse problem in additive number theory,
Acta Math. Hungar., 158 (2019), 36–39.
[5] J.-H. Fang, Z.-K. Fang, On the critical values in subset sum, European J.
Combin., 89 (2020), 103158.
[6] N. Hegyva´ri, On representation problems in the additive number theory,
Acta Math. Hungar., 72 (1996), 35–44.
[7] B.-L. Wu, X.-H. Yan, On a problem of J.H. Fang and Z.K. Fang, Acta Math.
Hungar., to appear.
13
